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Abstract
A graph G is a fractional (a, b, k)-critical covered graph if G−U is a fractional [a, b]-covered
graph for every U ⊆ V (G) with |U | = k, which is first defined by Zhou, Xu and Sun
(S. Zhou, Y. Xu, Z. Sun, Degree conditions for fractional (a, b, k)-critical covered graphs,
Information Processing Letters, DOI: 10.1016/j.ipl.2019.105838). Furthermore, they derived
a degree condition for a graph to be a fractional (a, b, k)-critical covered graph. In this paper,
we gain an independence number and connectivity condition for a graph to be a fractional
(a, b, k)-critical covered graph and verify that G is a fractional (a, b, k)-critical covered graph
if
κ(G) ≥ max
{2b(a+ 1)(b+ 1) + 4bk + 5
4b
,
(a+ 1)2α(G) + 4bk + 5
4b
}
.
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1 Introduction
We discuss finite graphs which have neither multiple edges nor loops. Let G be a graph with
vertex set V (G) and edge set E(G). Let X and Y be disjoint vertex subsets of G. The number
of edges of G joining X to Y is denoted by eG(X,Y ). We denote by G[X] and G − X the
subgraph of G induced by X and V (G) \ X. A vertex subset X of G is called independent if
G[X] does not contain edges. We use α(G) and κ(G) to denote the independence number and
the connectivity of G, respectively. For x ∈ V (G), we denote by dG(x) the degree of x in G and
by NG(x) the set of vertices adjacent to x in G. Setting NG[x] = NG(x) ∪ {x}.
∗Corresponding author. E-mail address: zsz cumt@163.com (S. Zhou)
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Let a ≤ b be two positive integers. A spanning subgraph F of G is called an [a, b]-factor if
a ≤ dF (x) ≤ b for every x ∈ V (G). Let h : E(G → [0, 1] be a function. If a ≤
∑
e∋x
h(e) ≤ b
holds for all x ∈ V (G), then we call graph F with vertex set V (G) and edge set Eh a fractional
[a, b]-factor of G with indicator function h, where Eh = {e : e ∈ E(G), h(e) > 0}. A fractional
[a, b]-factor of G is called a fractional r-factor of G if a = b = r. A graph G is called a fractional
[a, b]-covered graph if G admits a fractional [a, b]-factor containing any given edge e. Bian and
Zhou [1] posed an independence number and connectivity condition for the existence of fractional
r-factors in graphs, which is a special case of Bian and Zhou’s result.
Theorem 1 ( [1]). Let G be a graph, and r ≥ 1 be an integer. Then G possesses a fractional
r-factor if
κ(G) ≥ max
{(r + 1)2
2
,
(r + 1)2α(G)
4r
}
.
Some other results related to factors [2–9] and fractional factors [10–18] of graphs were
obtained by many authors. A graph G is called a fractional (a, b, k)-critical covered graph if
after removing any k vertices of G, the resulting graph of G is a fractional [a, b]-covered graph,
which is first defined by Zhou, Xu and Sun [19]. Furthermore, Zhou, Xu and Sun [19] obtained
a degree condition for graphs being fractional (a, b, k)-critical covered.
Theorem 2 ( [19]). Let a, b and k be three integers with a ≥ 1, b ≥ max{2, a} and k ≥ 0, and
let G be a graph of order n with n ≥ (a+b)(a+b−1)+bk+3
b
and δ(G) ≥ a + k + 1. Then G is a
fractional (a, b, k)-critical covered graph if
max{dG(x), dG(y)} ≥
an+ bk + 2
a+ b
for every pair of nonadjacent vertices x and y of G.
In this paper, we study the relationship between independence number, connectivity and
fractional (a, b, k)-critical covered graphs, and gain a new result on the existence of fractional
(a, b, k)-critical covered graphs.
Theorem 3. Let a, b and k be three integers with b ≥ a ≥ 1 and k ≥ 0, and let G be a graph.
Then G is a fractional (a, b, k)-critical covered graph if
κ(G) ≥ max
{2b(a+ 1)(b+ 1) + 4bk + 5
4b
,
(a+ 1)2α(G) + 4bk + 5
4b
}
.
We immediately derive the following result from Theorem 3.
Corollary 1. Let a and b be integers with b ≥ a ≥ 1, and let G be a graph. Then G is a
fractional [a, b]-covered graph if
κ(G) ≥ max
{2b(a+ 1)(b+ 1) + 5
4b
,
(a+ 1)2α(G) + 5
4b
}
.
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2 Proof of Theorem 3
We use the following lemma to verify Theorem 3.
Lemma 1 ( [20]). Let G be a graph, and let a, b be two integers with b ≥ a ≥ 0. Then G is a
fractional [a, b]-covered graph if and only if for any vertex subset X of G,
θG(X,Y ) = b|X| + dG−X(Y )− a|Y | ≥ ε(X,Y )
where Y = {y : y ∈ V (G) \X, dG−X (y) ≤ a} and ε(X,Y ) is defined by
ε(X,Y ) =


2, if X is not independent,
1, if X is independent and there is an edge joining X and V (G) \ (X ∪ Y ), or
there is an edge e = xy joining X and Y with dG−X(y) = a for y ∈ Y,
0, otherwise.
Proof of Theorem 3. Let U ⊆ V (G) with |U | = k, and let H = G−U . It suffices to verify that
H is a fractional [a, b]-covered graph. We shall prove this by contradiction. Suppose that H is
not a fractional [a, b]-covered graph. Then using Lemma 1, we have
θH(X,Y ) = b|X|+ dH−X(Y )− a|Y | ≤ ε(X,Y )− 1 (1)
for some vertex subset X of H and Y = {y : y ∈ V (H) \X : dH−X(y) ≤ a}.
Claim 1. Y 6= ∅.
Proof. Let Y = ∅. Then by (1) and ε(X, ∅) ≤ |X|, we get
ε(X, ∅) − 1 ≥ θH(X, ∅) = b|X| ≥ |X| ≥ ε(X, ∅),
this is a contradiction. Claim 1 is proved. 
Claim 2. X 6= ∅.
Proof. Let X = ∅. Then ε(∅, Y ) = 0. Note that δ(H) = δ(G − U) ≥ δ(G) − k ≥ κ(G) − k ≥
2b(a+1)(b+1)+4bk+5
4b − k =
(a+1)(b+1)
2 +
5
4b > a+ 1. Then using (1) and Claim 1 we obtain
−1 ≥ θH(∅, Y ) = dH(Y )− a|Y | ≥ (δ(H) − a)|Y |
> ((a+ 1)− a)|Y | = |Y | ≥ 1,
which is a contradiction. We prove Claim 2. 
Since Y 6= ∅ (by Claim 1), we take y1 ∈ Y such that y1 is the vertex with the minimum
degree in H[Y ]. Setting N1 = NH [y1] ∩ Y and Y1 = Y . If Y −
⋃
1≤j<i
Nj 6= ∅ for i ≥ 2, write
Yi = Y −
⋃
1≤j<i
Nj . Then take yi ∈ Yi such that yi is the vertex with the minimum degree in
H[Yi], and Ni = NH [yi]∩Yi. We go on these procedures until we arrive at the situation in which
Yi = ∅ for some i, say for i = m+1. Then from the definition above we see that {y1, y2, · · · , ym}
is an independent set of H, and is also an independent set of G. Obviously, m ≥ 1 by Claim 1.
Write |Ni| = ni, then |Y | =
∑
1≤i≤m
ni. Setting W = V (H) \ (X ∪ Y ) and κ(H −X) = t.
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Claim 3. m 6= 1 or W 6= ∅.
Proof. Let m = 1 and W = ∅. Then we easily see that
|V (G)| = |U |+ |X|+ n1 = k + |X|+ n1 > κ(G) ≥
2b(a+ 1)(b+ 1) + 4bk + 5
4b
,
namely,
|X| >
2b(a+ 1)(b + 1) + 5
4b
− n1. (2)
According to (1), (2), ε(X,Y ) ≤ 2 and the choice of y1, we get
1 ≥ ε(X,Y )− 1 ≥ θH(X,Y ) = b|X| + dH−X(Y )− a|Y |
= b|X|+ n1(n1 − 1)− an1
> b
(2b(a + 1)(b + 1) + 5
4b
− n1
)
+ n1(n1 − 1)− an1
=
2b(a+ 1)(b+ 1) + 5
4
+
(
n1 −
a+ b+ 1
2
)2
−
(a+ b+ 1)2
4
≥
2b(a+ 1)(b+ 1) + 5
4
−
(a+ b+ 1)2
4
=
b2(2a+ 1)− (a+ 1)2 + 5
4
≥
a2(2a+ 1)− (a+ 1)2 + 5
4
=
a(a2 − 1) + 2
2
≥ 1,
which is a contradiction. We verify Claim 3. 
Claim 4. dH−X(Y ) ≥
∑
1≤i≤m
ni(ni − 1) +
mt
2 .
Proof. In terms of the choice of yi, we derive
∑
1≤i≤m
(
∑
y∈Ni
dYi(y)) ≥
∑
1≤i≤m
ni(ni − 1). (3)
For the left-hand side of (3), an edge joining a vertex x in Ni and a vertex y in Nj (i < j) is
counted only once, namely, it is counted in dYi(x) but not in dYj (y). Hence, we admit
dH−X(Y ) ≥
∑
1≤i≤m
ni(ni − 1) +
∑
1≤i<j≤m
eH(Ni, Nj) + eH(Y,W ). (4)
In light of κ(H −X) = t and Claim 3, we get
eH(Ni,
⋃
j 6=i
Nj) + eH(Ni,W ) ≥ t (5)
for every Ni (1 ≤ i ≤ m). Using (5), we obtain
∑
1≤i≤m
(eH(Ni,
⋃
j 6=i
Nj) + eH(Ni,W )) = 2
∑
1≤i<j≤m
eH(Ni, Nj) + eH(Y,W ) ≥ mt.
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We easily see that ∑
1≤i<j≤m
eH(Ni, Nj) + eH(Y,W ) ≥
mt
2
. (6)
It follows from (4) and (6) that
dH−X(Y ) ≥
∑
1≤i≤m
ni(ni − 1) +
mt
2
.
We finish the proof of Claim 4. 
Note that |Y | =
∑
1≤i≤m
ni. It follows from (1), ε(X,Y ) ≤ 2 and Claim 4 that
1 ≥ ε(X,Y )− 1 ≥ θH(X,Y ) = b|X|+ dH−X(Y )− a|Y |
≥ b|X|+
∑
1≤i≤m
ni(ni − 1) +
mt
2
− a
∑
1≤i≤m
ni
= b|X|+
∑
1≤i≤m
((
ni −
a+ 1
2
)2
−
(a+ 1)2
4
)
+
mt
2
≥ b|X| −
m(a+ 1)2
4
+
mt
2
= b|X|+
( t
2
−
(a+ 1)2
4
)
m,
namely,
1 ≥ b|X|+
( t
2
−
(a+ 1)2
4
)
m. (7)
Combining (7), Claim 2 and m ≥ 1, we admit
1 ≥ b|X|+
( t
2
−
(a+ 1)2
4
)
m
≥ b+
( t
2
−
(a+ 1)2
4
)
m
≥ 1 +
( t
2
−
(a+ 1)2
4
)
m,
which implies
t
2
−
(a+ 1)2
4
≤ 0. (8)
We easily see that α(G) ≥ α(G[Y ]) = α(H[Y ]) ≥ m and κ(G) ≤ κ(G−U)+k = κ(H)+k ≤
κ(H−X)+ |X|+k = t+ |X|+k. In light of κ(G) ≥ max
{
2b(a+1)(b+1)+4bk+5
4b ,
(a+1)2α(G)+4bk+5
4b
}
,
(7) and (8), we derive
1 ≥ b|X|+
( t
2
−
(a+ 1)2
4
)
m
≥ b(κ(G) − k − t) +
( t
2
−
(a+ 1)2
4
)
α(G)
≥ b(κ(G) − k − t) +
( t
2
−
(a+ 1)2
4
)
·
4bκ(G) − 4bk − 5
(a+ 1)2
5
=
5
4
+
(4bκ(G) − 4bk − 5
2(a+ 1)2
− b
)
t
≥
5
4
+
(b(a+ 1)(b + 1)
(a+ 1)2
− b
)
t
≥
5
4
,
it is a contradiction. Theorem 3 is verified. 
3 Remarks
Remark 1. Now we discuss a sharpness of the connectivity condition in Theorem 3. This
condition is best possible in the sense which we cannot replace by κ(G) ≥ 2b(a+1)(b+1)+4bk+44b .
Let a = b = 1 and k ≥ 0 be an integer. We construct a graph G = K3+k ∨ (2K1). Then it is
obvious that κ(G) = 3+k = 2b(a+1)(b+1)+4bk+44b by the definition of κ(G). We select U ⊆ V (K3+k)
with |U | = k, X = V (K3+k) \ U , Y = V (2K1) and H = G−U . Clearly, ε(X,Y ) = 2. Thus, we
derive
θH(X,Y ) = b|X|+ dH−X(Y )− a|Y | = 3− 2 = 1 < 2 = ε(X,Y ).
By Lemma 1, H is not a fractional [a, b]-covered graph, namely, G is not a fractional (a, b, k)-
critical covered graph.
Remark 2. The condition κ(G) ≥ (a+1)
2α(G)+4bk+5
4b in Theorem 3 is best possible.
Let b ≥ a ≥ 1, m ≥ 1 and k ≥ 0 be integers such that a is odd and (a+1)
2m+4
4b is an integer.
We construct a graph G = Kp+k ∨ (mKa+1
2
), where p = (a+1)
2m+4
4b . From the definitions of α(G)
and κ(G), we easily see that α(G) = m and κ(G) = p + k = (a+1)
2m+4bk+4
4b =
(a+1)2α(G)+4bk+4
4b .
We select U ⊆ V (Kp+k) with |U | = k, X = V (Kp+k) \ U , Y = V (mKa+1
2
) and H = G − U .
Obviously, ε(X,Y ) = 2. Thus, we gain
θH(X,Y ) = b|X|+ dH−X(Y )− a|Y |
= b ·
(a+ 1)2m+ 4
4b
+m ·
a+ 1
2
·
(a+ 1
2
− 1
)
− am ·
a+ 1
2
= 1 < 2 = ε(X,Y ).
Using Lemma 1, H is not a fractional [a, b]-covered graph, and so G is not a fractional (a, b, k)-
critical covered graph.
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